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The Phase Diagram for Wess-Zumino Models
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Abstract. Dynamical supersymmetry breaking is an important issue for applications of supersym-
metry in particle physics. The functional renormalization group equations allow for a nonperturba-
tive approach that leaves supersymmetry intact. Therefore they offer a promising tool to investigate
dynamical supersymmetry breaking. Here we will employ this method to derive the phase diagram
and a surprisingly rich RG fixed-point structure with corresponding critical exponents for the N = 1
Wess-Zumino model in two dimensions.
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Supersymmetry (susy) is an important ingredient for most theoretical developments
in quantum field theory beyond the standard model, supergravity and string theory. The
required susy breaking is believed to be of a non-perturbative origin and therefore needs
to be treated with non-perturbative methods. Many approaches to investigate this prob-
lem, e.g. lattice calculations [1, 2, 3, 4], break susy explicitly, and it is hard to distin-
guish between dynamical and explicit susy breaking. Functional renormalization group
equations have proven to be a successful non-perturbative method in quantum field the-
oretical calculations [5, 6]. It is possible to formulate them in superspace, guaranteeing
to leave supersymmetry intact [7, 8]. They offer a promising tool to investigate dynami-
cal susy breaking. Here we consider the two dimensional Wess-Zumino model with one
supercharge as a model for dynamical susy breaking [9]. These proceedings follow our
previous works on this subject [10, 11]. The action in superspace is given by
S =
∫
d2x
(
−
1
2
DΦγ∗DΦ+W (Φ)
)∣∣∣∣
θγ∗θ
(1)
with a real superfield Φ(x,θ) = φ(x)+ θγ∗ψ(x)+ 12(θγ∗θ)F(x). The (super)covariant
derivatives are given by D= ∂/∂θ + i(γµθ)∂µ and D= ∂/∂θ + i(θγµ)∂µ . We use a chi-
ral representation for the γ-matrices. The susy transformations of the field components
are δφ = εγ∗ψ, δψ = (F + iγ∗ /∂ φ)ε, δF = iε /∂ψ, δψ = ε(F − i/∂φγ∗). After elimi-
nating the auxiliary field using its EQM, the on-shell action contains one real bosonic
field φ and one Majorana fermion field ψ , a bosonic potential V (φ) =W ′(φ)2/2 and a
Yukawa interaction. Unbroken susy ist characterized by a vanishing ground state energy.
It depends on the superpotential whether spontaneous susy breaking is possible or not.
For W (φ)∼ φ 2n susy is always unbroken whereas for W (φ)∼ φ 2n+1 spontaneous susy
1 Speaker
breaking is possible. We will focus on the latter in the following.
The functional renormalization group can be formulated as a flow equation for the ef-
fective average action Γk. This is a scale dependent functional that interpolates between
the classical action S = Γk=Λ at the UV cutoff Λ and the full quantum effective action
Γ = Γk=0 that includes all quantum fluctuations. Γk is determinated by the Wetterich
equation [12]
∂kΓk =
1
2
STr
{[
Γ(2)k +Rk
]−1
∂kRk
}
. (2)
k is an infrared regulator scale, (Γ(2)k )ab =
−→δ
δΨa Γk
←−δ
δΨb denotes the second functional
derivative of Γk, the indices a,b summarize the field components (internal and Lorentz
indices, spacetime or momentum coordinates). ΨT = (φ ,F,ψ,ψ) denotes the col-
lection of fields, not a superfield. Rk is an infrared regulator derived from a cut-
off action quadratic in the fields. A supersymmetric cutoff action is given by ∆Sk =
1
2
∫
d2x ΦRkΦ|θγ∗θ .A general supersymmetric regulator is a function of covariant deriva-
tives Rk ≡ f (Dγ∗D)≡ r1(∂µ∂ µ)+ r2(∂µ∂ µ)Dγ∗D. This decomposition is always possi-
ble because of {Dα ,Dβ}=−2i(γµ)αβ ∂µ and D2 = D2 = 0 . r1 is a mass-like regulator,
r2 corresponds to a kinetic term.
A consistent approximation scheme to solve Eq. (2) is given by the derivative ex-
pansion which in the supersymmetric case implies an expansion in covariant deriva-
tives. The truncation of such an expansion preserves susy. The lowest-order truncation
is Γk[φ ,F,ψ,ψ] =
∫
d2x (−12DΦγ∗DΦ+Wk(φ))
∣∣
θγ∗θ . In the following we calculate the
renormalization group flow of the effective superpotential Wk. A (φ -independent) wave
function renormalization Zk can be implemented via Φ→ ZkΦ in the kinetic term.
The flow equation for the superpotential is obtained by projecting Eq. (2) onto the
part linear in the auxiliary field
∂kWk(φ) =12
∫ d2p
4pi2
(r2 +1)∂kr1− (r1 +W ′′k (φ))∂kr2
(r1+W ′′k (φ))2+ p2(r2+1)2
. (3)
We are interested in superpotentials with spontaneous susy breaking, therefore their
highest power is odd, as is the highest power in the second derivative. The regulator
function r1 amounts to just a φ -independent shift so that we can set it to zero without loss
of generality. In the following we choose r2 = (|k/p|−1)θ(1− p2/k2) for which the
momentum integration can be performed analytically, and the flow equation simplifies
to ∂kWk(φ) = −(kW ′′k (φ))/(4pi(k2 +W ′′k (φ)2)). However, this simple regulator leads
to artificial divergences if a wave function renormalization is included and a stronger
regulator e.g. r2 =
(
k2/p2−1)θ(1− p2/k2
)
must be used.
It is possible to solve this partial differential equation numerically. Here we employ a
further approximation and expand the superpotential into a power series, W ′k = λk(φ 2−
a2k) +∑n=2 b2n,kφ 2n. The flow equation then turns into a system of coupled ordinary
differential equations for the coefficients. As initial conditions at k =Λ we take b2n,Λ = 0
and nonzero values for λΛ and a2Λ. The flow of the bosonic potential Vk(φ) =W ′k(φ)2/2
with λΛ = 0.1Λ and a2Λ = 0.3 is shown in Fig. 1 (left panel). At the cutoff scale we
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FIGURE 1. left panel: Flow of the effective potential W ′2 with λ = 0.1Λ and a2 = 0.3. right panel:
phase diagram
start with a double-well potential and unbroken susy (E0 = 0). As the scale k is lowered
to the infrared, a single-well potential emerges and we end up in the phase of broken
susy. We find that in the regime with broken susy the curvature of the bosonic potential
at the minimum and therefore the bosonic mass goes to zero with the RG scale k as
m(k)∼ k1/ν . This behavior is governed by a critical exponent ν which obeys the super-
scaling relation
ν =
2
2−η , η =−k∂k lnZ
2
k , ν ≃ 1.3,
where η denotes the anomalous dimension. We emphasize that any measurement (e.g.
lattice calculations) involves an IR cutoff (e.g. the lattice volume). Hence we predict
that any measurement will yield a bosonic mass proportional to the measurement scale
provided by this IR cutoff.
The coupling a2Λ is a control parameter for susy breaking. In Fig. 1 (right panel) the
phase diagram in the control-parameter plane (λΛ,a2ΛλΛ) is shown. As a signal for susy
breaking we use a nonvanishing ground state energy. We find a maximal value for susy
breaking at λΛa2Λ ≃ 0.263. This agrees with a qualitative argument given by Witten [9]
that spontaneous susy breaking is not possible for large values of a2Λ.
Now we investigate the fixed points. For this we have to rescale the flow equation
for the superpotential to dimensionless quantities wk(φ) = Wk(φ)/k and t = ln(k/Λ).
The field φ in two dimensions is dimensionless. The fixed points are characterized by
the condition ∂tw∗ = 0. This leads to a nonlinear ordinary differential equation with a
singularity at w′′k (φ) = 1. The superpotential has two relevant directions corresponding
to the coefficients of the terms φ 0 and φ 1. As only the second derivative of the super-
potential enters on the right hand side of Eq. (3) it is sufficient to consider the second
derivative of the fixed-point equation to get rid of the IR-unstable directions. To leading
order of the derivative expansion (local potential approximation) we find a continuum
of oscillating solutions and solutions confined to a finite interval (see Fig. 2 left panel).
At next-to-leading order where a field independent wave function renormalization is in-
cluded we find a discrete number of fixed point potentials that for large fields behave as
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FIGURE 2. left panel: fixed point solutions in the LPA-approximations; right panel: fixed point solu-
tions in the next-to-leading order approximation.
w′′ ∼ χ2/η−1 with χ = Zkφ . They are characterized by the number of nodes (see Fig. 2
right panel). For the first solutions we find the anomalous dimensions and critical expo-
nents η = 0.4386, ν = 1.2809 (no nodes), η = 0.20, ν = 1.11 (one node) and η = 0.12,
ν = 1.06 (two nodes).
To conclude, as already demonstrated in supersymmetric quantum mechanics the
formulation in superspace is suitable to extend the functional renormalization group to
supersymmetric theories. We were able to derive the phase diagram for susy breaking
and to determine the fixed point structure in the local potential approximation. So far
we have only considered a constant wave function renormalization. To go further in
the derivative expansion we have to consider field dependent and probably momentum
dependent wave function renormalization.
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